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Abstract
The quantum free particle on the sphere S2κ (κ > 0) and on the hyperbolic
plane H2κ (κ < 0) is studied using a formalism that considers the curvature κ as a
parameter. The first part is mainly concerned with the analysis of some geomet-
ric formalisms appropriate for the description of the dynamics on the spaces (S2κ,
IR2, H2κ) and with the the transition from the classical κ-dependent system to the
quantum one using the quantization of the Noether momenta. The Schro¨dinger sep-
arability and the quantum superintegrability are also discussed. The second part is
devoted to the resolution of the κ-dependent Schro¨dinger equation. First the charac-
terization of the κ-dependent ‘curved’ plane waves is analyzed and then the specific
properties of the spherical case are studied with great detail. It is proved that if
κ > 0 then a discrete spectrum is obtained. The wavefunctions, that are related
with a κ-dependent family of orthogonal polynomials, are explicitly obtained.
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1 Introduction
The correct formulation of quantum mechanics on spaces of constant curvature is a problem
that can lead to important difficulties. There are are some fundamental quantum questions, well
stated in the Euclidean space, that become difficult to formulate on a curved space. The study
of these questions is important, not only for extending our knowledge of certain fundamental
points of quantum mechanics, but also because it is very convenient for the construction of more
general relativistic theories [1],[2]. In addition, this matter has become also important for the
study of certain questions arising in applied nonrelativistic quantum mechanics. We mention
here two examples related with two dimensional quantum mechanics and with condensed matter
physcis. In the first case (motion of a particle on a two-dimensional surface) the existence of
Landau levels for the motion of a charged particle under perpendicular magenetic fields has been
also studied for the case of non-Euclidean geometries [3]-[6]. Concerning the second point, the
study of quantum dots has also lead to the use of models based in quantum mechanics in spaces
of constant curvature [7]-[11].
The first step was probably given by Schro¨dinger who made use of a factorization method [12]
for the study of the Hydrogen atom in a spherical geometry. Then Infeld [13] and Stevenson [14]
studied the same system and Infeld and Schild [15] considered this problem in an open universe
of constant negative curvature. Other more recent papers on the Hydrogen atom in a curved
space are [16]-[18]. Other authors (see e.g. [19]-[22] and references therein) studied the quantum
oscillator on curved spaces. We also mention that the path integral formulation has been also
studied in curved spaces [23]-[24].
On the other side Higgs studied in 1979, but from the point of view of classical mechanics, the
existence of dynamical symmetries in a spherical geometry [25]. In fact his study was mainly
focussed on the existence of the spherical versions of the Runge-Lenz vector (Kepler) and the
Fradkin tensor (harmonic oscillator). Since then a certain number of authors [26]-[46] have
considered these questions or some other properties characterizing the Hamiltonian systems
defined on curved spaces. We recall that the Kepler and the harmonic oscillator are two systems
separable in several different coordinate systems and because of this they are superintegrable
with quadratic constants of motion. It has been proved [47]-[54] the existence of other not so
simple potentials (noncentral) that are also multiply separable on spaces with curvature.
We also mention the study of polygonal billiards (systems enclosed by arcs of geodesics) on
surfaces with curvature [55],[56]; one of the main points is that some simple motions, that
are integrable in the Euclidean case, can become ergodic when the curvature is negative. The
quantum version of these systems leads to the study of chaoticity in quantum systems.
The present article is concerned with the study of the quantum free particle on spherical and
hyperbolic spaces. This problem is usually considered as rather simple in the Euclidean case
mainly because the solutions are plane-wave states that are in fact momentum eigenfunctions,
that is, eigenstates of the linear momentum operator. The plane waves are thus simultaneous
eigenfunctions of energy and linear momentum. Nevertheless the situation is much more com-
plicate in a space with curvature mainly for two reasons. Firstly because the canonical momenta
pi do not coincide with the Noether momenta Pi. Secondly because the Noether momenta do
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not Poisson commute (Classical mechanics) and the corresponding self-adjoint quantum versions
P̂i do not commute as operators. We can also add to these two points that a plane-wave is an
Euclidean concept; therefore the meaning of plane-wave in a curved space is not clear and a new
more general definition must be introduced.
The main goal of this paper is to solve the problem by obtaining all the results making use of
a curvature dependent approach. In fact, one of the main characteristics of this paper is that
it consider the curvature κ as a parameter; that is, it presents all the mathematical expressions
in a κ-dependent way. In fact, this κ-dependent approach was already used in some previous
related classical [36, 37, 57] (see also [58]) and quantum studies [59]-[61].
We begin the paper with the analysis of some κ-dependent geometric formalisms appropriate
for the description of the dynamics on the spaces (S2κ, IR
2, H2κ) with constant curvature κ and
this is done according with the study carried on in Ref. [60]. The first sections present a
joint approach to both spherical (κ > 0) and hyperbolic dynamics (κ < 0) in such a way that
the standard Euclidean dynamics just appears as the particular κ = 0 case. Then, the more
specific properties are studied with detail but in separate sections. After the first introductory
paragraphs, the rest of the article is mainly concerned with the following two points:
• Transition from the classical κ-dependent system to the quantum one using as an approach
the quantization of the Noether momenta.
• Exact resolution of the κ-dependent Schro¨dinger equation, κ-dependent plane waves, fam-
ilies of new κ-dependent orthogonal polynomials, and existence of bound states.
It is interesting to remark that the curvature κ introduce some new coefficients in the kinetic
term so that the problem of quantizing a system defined in a space with constant curvature can
be related with the problem of quantizing a system with a position-dependent mass.
In more detail, the plan of the article is as follows: In Sec. 2 we study the classical system,
the quantization and the separability of the Schro¨dinger equation. In Sec. 3 we discuss the
existence of another geometric description. Sec. 4 is devoted to the spherical κ > 0 case and
Sec. 5 to the analysis of the eigenfunctions Ψm,n and energies Em,n. The hyperbolic κ < 0 case
is studied in Sec. 6. In Sec. 7 we briefly analyze the existence of an alternative approach and
its relation with the presence of the angular momentum. Finally, in Sec. 8 we make some final
comments.
2 Spaces of constant curvature, κ-dependent formal-
ism and quantization
In what follows, all the mathematical expressions will depend of the curvature κ as a parameter,
in such a way that for κ > 0, κ = 0, or κ < 0, we will obtain the corresponding property partic-
ularized for the dynamical system on the sphere, on the Euclidean plane, or on the hyperbolic
plane respectively.
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The relations among several different possible approaches to the Lagrangian or Hamiltonian
dynamics on spaces with curvature are discussed with a certain detail in [60, 61]; next, we
summarize in the following points the relation between the approach presented in this paper
and the Higgs approach. First, we recall that the three spaces with constant curvature, sphere
S2κ (κ > 0), Euclidean plane lE
2, and hyperbolic plane H2κ (κ < 0), can be considered as
three different situations inside a family of Riemannian manifolds M2κ = (S
2
κ, lE
2,H2κ) with the
curvature κ ∈ IR as a parameter (it seems that this geometric idea was first introduced by
Weierstrass and Killing [58]). In fact, if we make use of the following κ-dependent trigonometric
(hyperbolic) functions
Cκ(x) =


cos
√
κx if κ > 0,
1 if κ = 0,
cosh
√−κx if κ < 0,
Sκ(x) =


1√
κ
sin
√
κx if κ > 0,
x if κ = 0,
1√−κ sinh
√−κx if κ < 0,
and
Tκ(x) =
Sκ(x)
Cκ(x)
,
then the expression of the differential arc length element in geodesic polar coordinates (ρ, φ) on
M2κ can be written as follows
ds2κ = dρ
2 + S
2
κ(ρ) dφ
2 ,
so it reduces to
ds21 = dρ
2 + (sin2 ρ) dφ2 , ds20 = dρ
2 + ρ2 dφ2 , ds2−1 = dρ
2 + (sinh2 ρ) dφ2 ,
in the three particular cases of the unit sphere, the Euclidean plane, and the ‘unit‘ Lobachewski
plane (Note that ρ denotes the distance along a geodesic on the manifold M2κ and not the radius
of a sphere). If we make use of this formalism then the Lagrangian of the geodesic motion (free
particle) on M2κ is given by [36, 37, 61]
IL(κ) = (
1
2
)
(
v2ρ + S
2
κ(ρ)v
2
φ
)
(1)
1. If we consider the κ-dependent change ρ→ r = Sκ(ρ) then the Lagrangian IL(κ) becomes
L(κ) =
1
2
( v2r
1− κ r2 + r
2v2φ
)
and, if we change to Cartesian coordinates, we arrive to
L(κ) =
1
2
( 1
1− κ r2
)[
v2x + v
2
y − κ (xvy − yvx)2
]
, r2 = x2 + y2 .
This function is just the Lagrangian studied in Ref. [57] at the classical level and in [59]-
[61] at the quantum level (it can also be obtained as the two-dimensional version of the
kinetic term of the one-dimensional Lagrangian L(x, vx;λ) for the nonlinear equation of
Mathews and Lakshmanan [62, 63]).
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2. If we consider the κ-dependent change ρ→ r′ = Tκ(ρ) then the Lagrangian IL(κ) becomes
LH(κ) =
1
2
( v′2r
(1 + κ r′2)2
+
r′2v2φ
(1 + κ r′2)
)
,
and, if we change to Cartesian coordinates, we arrive to
LH(κ) =
1
2
1
(1 + κ r′2)2
[
v2x + v
2
y + κ (xvy − yvx)2
]
, r′2 = x2 + y2 ,
that coincides with the kinetic term of the Lagrangian introduced by Higgs in Ref. [25]
and studied later on by other authors [26]-[31] (the study of Higgs was originally limited
to a spherical geometry but the idea can also be applied to the hyperbolic space).
Hence the three Lagrangians, IL(κ), L(κ) and LH(κ), are related by diffeomorphisms, must
be considered as dynamically equivalent, and they can be alternatively used as a starting point
for the construction of the Hamiltonian quantum system. In the following we will make use of
the Hamiltonian dynamics determined by the κ-dependent Lagrangian denoted by L(κ) with
coordinates (x, y).
At this point we make the following observation. It is frequent to present the geometric
approach to the hyperbolic plane in two steps: (i) First, consider a two dimensional pseudosphere
(the upper sheet of a two-sheeted hyperboloid of revolution) inside a three-dimensional space
with Minkowskian metric. (ii) Then the two-dimensional model of the hyperbolic space is
obtained by projection on the two-dimensional plane. The approach presented in this paper is
more direct and intrisic (in differential geometric terms) and it presents directly the hyperbolic
space as the manifold M2κ = (S
2
κ, lE
2,H2κ) endowed with the appropriate κ-dependent metric.
2.1 Killing vectors, Noether symmetries and Noether momenta
We start with the following expression for the differential element of distance on the family
M2κ = (S
2
κ, lE
2,H2κ)
ds2κ =
( 1
1− κ r2
)[
(1− κ y2) dx2 + (1− κx2) dy2 + 2κxy dx dy
]
, r2 = x2 + y2 , (2)
that can also be written as
ds2κ =
( 1
1− κ r2
)[
dx2 + dy2 − κ (x dy − y dx)2
]
. (3)
Then the following three vector fields
X1(κ) =
√
1− κ r2 ∂
∂x
, X2(κ) =
√
1− κ r2 ∂
∂y
, XJ = x
∂
∂y
− y ∂
∂x
,
are Killing vector fields, that is, infinitesimal generators of isometries of the κ-dependent metric
ds2κ. The Lie brackets of these vector fields are given by
[X1(κ) ,X2(κ)] = κXJ , [X1(κ) ,XJ ] = −X2 , [X2(κ) ,XJ ] = X1 ,
5
so that they close, depending of the sign of κ, the Lie algebra of the group of isometries of the
Spherical, Euclidean and Hyperbolic spaces. Notice that only when κ = 0 (Euclidean space) X1
and X2 commute.
The geodesic motion on M2κ = (S
2
κ, lE
2,H2κ) is determined by a Lagrangian L reduced to the
κ-dependent kinetic term T (κ) without any potential
L = T (κ) =
1
2
( 1
1− κ r2
)[
v2x + v
2
y − κ (xvy − yvx)2
]
, r2 = x2 + y2 , (4)
where the parameter κ can take both positive and negative values; of course it is clear that in
the spherical case as κ > 0, the function (and the associated dynamics) will have a singularity
at 1−κ r2 = 0; so in this case we shall restrict the study of the dynamics to the region r2 < 1/κ
where the kinetic energy function is positive definite. This free-particle Lagrangian is invariant
under the action of the three vector fields X1(κ), X2(κ), and XJ , in the sense that, if we denote
by Xtr, r = 1, 2, J , the natural lift to the tangent bundle (phase space IR
2×IR2) of the vector
field Xr,
Xt1(κ) =
√
1− κ r2 ∂
∂x
− κ
( xvx + yvy√
1− κ r2
) ∂
∂vx
,
Xt2(κ) =
√
1− κ r2 ∂
∂y
− κ
( xvx + yvy√
1− κ r2
) ∂
∂vy
,
XtJ = x
∂
∂y
− y ∂
∂x
+ vx
∂
∂vy
− vy ∂
∂vx
,
then the Lie derivatives of T (κ) with respect to Xtr(κ) vanish, that is
Xtr(κ)
(
T (κ)
)
= 0 , r = 1, 2, J.
They represent three exact Noether symmetries for the geodesic motion. If we denote by θL the
Lagrangian one-form
θL =
(vx + κJy
1− κ r2
)
dx+
(vy − κJx
1− κ r2
)
dy ,
then the associated Noether constants of the motion P1(κ), P2(κ) and J , are given by
P1(κ) = i(X
t
1(κ)) θL =
vx + κJy√
1− κ r2
P2(κ) = i(X
t
2(κ)) θL =
vy − κJx√
1− κ r2
J = i(XtJ) θL = xvy − yvx
2.2 κ-dependent Hamiltonian and Quantization
The Legendre transformation leads to the following expression for the the κ-dependent Hamil-
tonian
H(κ) = (
1
2
)
[
p2x + p
2
y − κ (xpx + ypy)2
]
. (5)
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The three Noether momenta become
P1(κ) =
√
1− κ r2 px , P2(κ) =
√
1− κ r2 py , J = xpy − ypx ,
with Poisson brackets
{P1(κ) , P2(κ)} = κJ , {P1(κ) , J} = −P2(κ) , {P2(κ) , J} = P1(κ) ,
and such that
{P1(κ) ,H(κ)} = 0 , {P2(κ) ,H(κ)} = 0 , {J ,H(κ)} = 0 .
A very important property is that the Hamiltonian can be written as a function of the three
Noether momenta. It is given by
H(κ) = (
1
2
) [P 21 + P
2
2 + κJ
2 ] . (6)
We note that H(κ) is just the Casimir of the above Poisson algebra.
The following task is to find the appropriate quantum mechanical Hilbert space and this means
to obtain a measure that reduces to the standard one when κ → 0. An important property is
that the only measure on the space IR2, with coordinates (x, y), that is invariant under the
action of the three vector fields X1(κ), X2(κ), and XJ , is given by
dµκ =
( 1√
1− κ r2
)
dx dy ,
up to a constant factor (see Ref. [60] for a proof).
This property means that the quantum Hamiltonian must be self-adjoint, not in the standard
space L2(IR2), but in the Hilbert space L2κ(dµκ) defined as
(i) In the hyperbolic κ < 0 case, the space L2κ(dµκ) is L
2(IR2, dµκ).
(ii) In the spherical κ > 0 case, the space L2κ(dµκ) is L
2
0(IR
2
κ, dµκ) where IR
2
κ denotes the region
r2 ≤ 1/κ and the subscript means that the functions must vanish at the boundary of this
region
(the question of the boundary conditions will be discussed with more detail when considering the
Sturm-Liouville problem). For obtaining the expression of the operator Ĥ(κ) we first consider
the operators P̂1 an P̂2, representing the quantum version of of the Noether momenta momenta
P1 an P2, that must be also self-adjoint in the space L
2
κ(dµκ). They are given by
P̂1 = − i~
√
1− κ r2 ∂
∂x
,
P̂2 = − i~
√
1− κ r2 ∂
∂y
.
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Then we arrive to the following correspondence
P 21 → − ~2
(√
1− κ r2 ∂
∂x
)(√
1− κ r2 ∂
∂x
)
,
P 22 → − ~2
(√
1− κ r2 ∂
∂y
)(√
1− κ r2 ∂
∂y
)
,
in such a way that the quantum Hamiltonian operator Ĥ(κ)
Ĥ(κ) = (
1
2
) [ P̂1
2
+ P̂2
2
+ κ Ĵ2 ]
is given by
Ĥ(κ) = − ~
2
2m
[
(1− κ r2) ∂
2
∂x2
− κx ∂
∂x
]
− ~
2
2m
[
(1− κ r2) ∂
2
∂y2
− κ y ∂
∂y
]
− κ ~
2
2m
[
x2
∂2
∂y2
+ y2
∂2
∂x2
− 2xy ∂
2
∂x ∂y
− x ∂
∂x
− y ∂
∂y
]
(7)
The first important property of this Hamiltonian is that it admits the following decomposition
Ĥ(κ) = Ĥ1 + Ĥ2 + κ Ĵ
2 ,
where the three partial operators Ĥ1, Ĥ2 y Ĵ
2 are respectively given by
Ĥ1(κ) = − ~
2
2m
[
(1− κ r2) ∂
2
∂x2
− κx ∂
∂x
]
Ĥ2(κ) = − ~
2
2m
[
(1− κ r2) ∂
2
∂y2
− κ y ∂
∂y
]
Ĵ2 = − ~
2
2m
[
x2
∂2
∂y2
+ y2
∂2
∂x2
− 2xy ∂
2
∂x ∂y
− x ∂
∂x
− y ∂
∂y
]
in such a way that the total Hamiltonian Ĥ commutes, for any value of the parameter κ, with
each one of the three partial terms
[Ĥ(κ) , Ĥ1(κ)] = 0 , [Ĥ(κ) , Ĥ2(κ)] = 0 , [Ĥ(κ) , Ĵ
2] = 0 .
The vanishing of these three commutators means that the κ-dependent Hamiltonian (7) describes
a quantum superintegrable system [64]-[73]. This property was well known in the Euclidean
κ = 0 case but now it appears in a different form because of presence of the term κ Ĵ2.
2.3 Schro¨dinger equation and Separability
Now, if we consider the Schr¨odinger equation
Ĥ Ψ = EΨ , (8)
as we have the following property
[Ĥ1 , Ĥ2 + κ Ĵ
2] = 0 , [Ĥ1 + κ Ĵ
2 , Ĥ2] = 0 , [Ĥ1 + Ĥ2 , Ĵ
2] = 0 ,
then, we have three different sets of compatible observables and therefore three different ways
of obtaining a Hilbert basis of common eigenstates.
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1. The two operators Ĥ1 and Ĥ2 + κ Ĵ
2 are a (complete) set of commuting observables;
therefore they represent two quantities that can be simultaneously measured. Thus, the
first way of looking for Ψ is as a solution of the following two equations
Ĥ1Ψ = e1Ψ , (Ĥ2 + κ Ĵ
2)Ψ = e2j Ψ .
In this case the total energy is given by E = e1 + e2j and the associated wave function
can be denoted by Ψ(e1, e2j).
2. The two operators Ĥ1+κ Ĵ
2 and Ĥ2 are a (complete) set of commuting observables. Thus,
the second way of looking for Ψ is as a solution of the following two equations
(Ĥ1 + κ Ĵ
2)Ψ = e1j Ψ , Ĥ2Ψ = e2Ψ .
In this case we have E = e1j + e2 and Ψ can be denoted by Ψ(e1j , e2).
3. The third (complete) set of commuting observables is provided by Ĥ1+ Ĥ2 and Ĵ
2. So in
this case we have
(Ĥ1 + Ĥ2)Ψ = e12Ψ , Ĵ
2Ψ = ej Ψ .
Thus, the two physically measurable quantities are e12 and the angular momentum j, the
total energy is given by E = e12 + κ ej and the wave function so defined can be denoted
by Ψ(e12, ej).
The existence of these three alternative descriptions arises from the presence of the term κ Ĵ2
inside the kinetic part of the Hamiltonian. Notice that the second approach can be considered
as symmetric to the first one. Nevertheless, although they are closely related, they lead however
to different solutions with different properties; that is, Ψ(e1, e2j) 6= Ψ(e1j , e2). This fact is a
consequence of the nonlinear character of the model since in the linear limit, when κ→ 0, then
both descriptions coincide.
The κ-dependent metric ds2κ is not diagonal in the coordinates (x, y) and the Schro¨dinger
equation (8) is not separable in these coordinates because of the κ-dependent term. Nevertheless,
the classical Hamilton-Jacobi equation(∂S
∂x
)2
+
(∂S
∂y
)2
− κ
(
x
∂S
∂x
+ y
∂S
∂y
)2
= 0
and the quantum Schro¨dinger equation admit separability in the following three different or-
thogonal coordinate systems:
1. κ-dependent coordinates (zx, y) with zx defined by zx = x/
√
1− κ y2 .
2. κ-dependent coordinates (x, zy) with zy defined by zy = y/
√
1− κx2 .
3. Polar coordinates (r, φ).
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At this point we recall that the existence of multiple separability is a property directly related
with superintegrability (in fact with quadratic superintegrability).
Next we start our study with the first coordinate system. First note that the change (x, y)→
(zx, y) transforms, in the k > 0 spherical case, the circular domain x
2+y2 < 1/κ into the square
region z2x < 1/κ, y
2 < 1/κ, in the (zx, y) plane.
Using (zx, y) coordinates the two partial Hamiltonians become:
(i) The Hamiltonian Ĥ1 is given by
Ĥ1 = − ~
2
2m
H˜1 , H˜1 = (1− κ z2x)
∂2
∂z2x
− (κ zx) ∂
∂zx
.
(ii) The Hamiltonian Ĥ2 + κ Ĵ
2 given by
Ĥ2 + κ Ĵ
2 = − ~
2
2m
[H˜2 + κ J˜
2] ,
is represented by the following differential operator
H˜2 + κ J˜
2 =
κ y2
1− κ y2
[
(1− κ z2x)
∂2
∂z2x
− (κ zx) ∂
∂zx
]
+
[
(1− κ y2) ∂
2
∂y2
− (2κ y) ∂
∂y
]
,
that can be rewritten as follows
H˜2 + κ J˜
2 =
κ y2
1− κ y2 H˜1 +
[
(1− κ y2) ∂
2
∂y2
− (2κ y) ∂
∂y
]
.
Consequently the κ-dependent Schro¨dinger equation is in fact separable in the (zx, y) coordi-
nates. Thus the two-dimensional problem has been decoupled in two one-dimensional equations.
(i) The Schro¨dinger equation Ĥ1Ψ = e1Ψ for the first partial Hamiltonian Ĥ1 leads to the
following equation with derivatives with respect to the variable zx alone
(1− κ z2x)Ψ′′zxzx − (κ zx)Ψ′zx + µΨ = 0 , µ = (
2m
~2
)e1 .
(ii) The Schro¨dinger equation (Ĥ2 + κ Ĵ
2)Ψ = e2jΨ for the second partial Hamiltonian Ĥ2 +
κ Ĵ2 leads to the following µ-dependent equation with derivatives with respect to the
variable y alone
− κ y
2
1− κ y2 (µΨ) +
[
(1− κ y2)Ψ′′yy − (2κ y)Ψ′y
]
+ νΨ = 0 , ν = (
2m
~2
)e2j .
Thus, if we assume that Ψ(zx, y) is a function of the form
Ψ(zx, y) = Z(zx)Y (y) ,
then we arrive to
(1− κ z2x)Z ′′ − (κ zx)Z ′ + µZ = 0 ,
and
(1− κ y2)Y ′′ − (2κ y) Y ′ − µκ
( y2
1− κ y2
)
Y + ν Y = 0 .
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3 An alternative approach: Parallel geodesic coordi-
nates
The study presented in Sec. 2 (symmetries, quantization, separation of variables) was con-
structed starting with the expression (2) for ds2κ; nevertheless, it can alternatively be developed
in other coordinate systems. Now we present in this section the results obtained when making
use of parallel geodesic coordinates (u, yκ) (see the Appendix for more information on the geo-
metric origin of this particular system of coordinates and Ref. [36, 37] (and references therein)
for some papers that make use of this formalism).
The following expression written in (u, yκ) parallel coordinates
ds2κ = C
2
κ(yκ)du
2 + dy2κ . (9)
represents the differential element of distance on the spaces (S2κ, lE
2,H2κ) with constant curvature
κ. So a standard lagrangian (kinetic term minus a potential function) has the following form
L(κ) = (
1
2
)(C
2
κ(yκ) v
2
u + v
2
yκ)− U(u, yκ, κ) ,
in such a way that the Euclidean system is just given by the particular value of L(κ) in κ = 0
lim
κ→0
L(κ) = (
1
2
) (v2x + v
2
y)− V (x, y) , V (x, y) = U(x, yκ, κ)
∣∣∣
κ=0
.
The three κ-dependent Killing vector, Y1, Y2(κ), and YJ(κ), have now the following expressions
in parallel coordinates
Y1 =
∂
∂u
,
Y2(κ) = κ Sκ(u)Tκ(yκ)
∂
∂u
+Cκ(u)
∂
∂yκ
,
YJ(κ) = Cκ(u)Tκ(yκ)
∂
∂u
− Sκ(u) ∂
∂yκ
,
(Y1 is now κ-independent) and the associated linear constants of motion are given by
P1(κ) = C
2
κ(yκ) vu ,
P2(κ) = κ Sκ(u)Cκ(yκ) Sκ(yκ) vu +Cκ(u) vyκ ,
J(κ) = Cκ(u)Cκ(yκ) Sκ(yκ) vu − Sκ(u) vyκ .
Then, when moving to the Hamiltonian formalism we obtain that the Noether momenta are
given by
P1(κ) = pu ,
P2(κ) = κ Sκ(u)Tκ(yκ) pu +Cκ(u) pyκ ,
J(κ) = Cκ(u)Tκ(yκ) pu − Sκ(u) pyκ ,
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in such a way tha the geodesic Hamiltonian
H(κ) = (
1
2
)
( p2u
C2κ(yκ)
+ p2yκ
)
,
can also be written as
H(κ) = (
1
2
) (P 21 + P
2
2 + κJ
2) .
The κ-dependent measure dµκ, invariant under the action of the three vector fields Y1, Y2 and
YJ , is given by
dµκ = Cκ(yκ) du dyκ ,
and the transition from classical to quantum mechanics via the Noether momenta is now repre-
sented by the following correspondence
P1 → P̂1 = − i~ ∂
∂u
,
P2 → P̂2 = − i~
(
κ Sκ(u)Tκ(yκ)
∂
∂u
+Cκ(u)
∂
∂yκ
)
,
J → Ĵ = − i~
(
Cκ(u)Tκ(yκ)
∂
∂u
− Sκ(u) ∂
∂yκ
)
,
so that we arrive to
1. The quantum operator Ĥ1 is given by
Ĥ1 = − ~
2
2m
H˜1 , H˜1 =
∂2
∂u2
.
2. The quantum operator Ĥ2 + κ Ĵ
2 given by
Ĥ2 + κ Ĵ
2 = − ~
2
2m
[H˜2 + κ J˜
2]
is represented by the following differential operator
H˜2 + κ J˜
2 = κ T
2
κ(yκ)
∂2
∂u2
+
∂2
∂y2κ
− κ Tκ(yκ) ∂
∂yκ
,
that can be rewritten as follows
H˜2 + κ J˜
2 = κ T
2
κ(yκ) H˜1 +
[ ∂2
∂y2κ
− κ Tκ(yκ) ∂
∂yκ
]
.
In this way, the two Schro¨dinger equations for Ĥ1 (equation for the variable u) and for Ĥ2+κ Ĵ
2
(equation for the variable yκ) are
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(i) The Schro¨dinger equation H˜1ψ = µΨ determined by the Hamiltonian Ĥ1 leads to
Ψ′′uu + µΨ = 0 , µ = (
2m
~2
)e1 .
(ii) The Schro¨dinger equation (H˜2 + κ J˜
2)Ψ = νΨ determined by the Hamiltonian Ĥ2 + κ Ĵ
2
leads to
−κµT2κ(yκ)Ψ +
[
Ψ′′yκyκ − κ Tκ(yκ)Ψ′yκ
]
+ νΨ = 0 , ν = (
2m
~2
)e2j .
Thus, if we assume that Ψ(u, yκ) is a function of the form
Ψ(u, yκ) = U(u)Y (yκ) ,
then we arrive to
U ′′uu + µU = 0 ,
and
Y ′′yκyκ − κ Tκ(yκ)Y ′yκ +
(
ν − κµT2κ(yκ)
)
Y = 0 .
The U -equation is just the same equation that in the Euclidean case (so the solution is a u-
plane-wave, that is, a plane-wave along the geodesic curve yκ = 0). Concerning the Y -equation,
it can be simplified by using the following factorization
Y = (Cκ(yκ))
gκp(yκ) , gκ =
√
µ/κ , κ > 0 ,
so that we arrive to
p′′yκyκ − κ (1 + 2gκ) Tκ(yκ) p′yκ + (ν − κ gκ) p = 0 .
4 Spherical κ > 0 case
Now we return to the approach developed in Sec. 2 and study the spherical κ > 0 case.
4.1 Resolution of the Z-equation
The first equation to be solved is
(1− κ z2x)Z ′′ − (κ zx)Z ′ + µZ = 0 , κ > 0 . (10)
This equation coincides (up to the appropriate changes of notation) with the equation corre-
sponding to a one-dimensional κ-dependent free particle. Assuming for Z an expression of the
form
Z = eiu(zx) ,
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with u(zx) a function to be determined, then we obtain that the general solution of (10) is given
by
Z = Aei u(zx) +B e−i u(zx) , u =
√
µ√
κ
arcsin(
√
κ zx) , κ > 0 , (11)
that is a well defined function for all the values of zx. This solution satisfies the appropriate
Euclidean limit
lim
κ→0
Z = Aei kxx +B e−i kxx , kx =
√
µ ,
and therefore it can be considered as representing a κ-dependent curved plane-wave or a κ-
dependent deformation of the Euclidean plane-wave solution.
4.2 Resolution of the Y -equation
The second equation to be solved is
(1− κ y2)Y ′′ − (2κ y)Y ′ − µκ
( y2
1− κ y2
)
Y + ν Y = 0 , κ > 0 , (12)
that, although it has certain similarity with the Eq. (10), it does not coincide with it (two
differences: the factor 2 in the coefficient of Y ′ and the rational µ-dependent term). The main
reason for this asymmetry is that, when introducing separability in the Schro¨dinger equation,
the angular momentum term Ĵ2 was displaced into this second equation.
It can be verified that the function ΨY defined by
ΨY = (1− κ y2)(1/2)gκ , gκ =
√
µ
κ
,
satisfies the following property
[
(1− κ y2) d
2
dy2
− (2κ y) d
dy
− µκ
( y2
1− κ y2
)]
ΨY = −κgκΨY .
Thus ΨY represents the exact solution in the very particular case of ν = κgκ. This property
suggests the following factorization for the function Y (y)
Y (y) = p(y) (1− κ y2)(1/2)gκ , gκ =
√
µ
κ
,
where the factor on the right satisfies the following Euclidean limit
lim
κ→0
(1− κ y2)(1/2)gκ = exp
[
lim
κ→0
√
µ
2
log(1− κy2)√
κ
]
= exp
[√
µ
2
lim
κ→0
−y2
(1− κy2)(2
√
κ)
]
= 1 .
Then the equation becomes
(1− κ y2)p′′ − 2κ (1 + gκ)y p′ + (ν − κgκ)p = 0 , p = p(y) . (13)
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This equation is an equation of hypergeometric type and it can be reduced to the canonical
form of a hypergeometric Gauss equation with singular points in w = 0 and w = 1
w(1 − w)p′′ww + (λa + λbw) p′w + λcp = 0 ,
by making use of the change y → w given by
w =
1
2
(1 +
√
k y) .
Nevertheless, as y = 0 is an ordinary point, it can be also directly solved by assuming a power
expansion for the solution
p(y, κ) =
∞∑
n=0
pn(κ) y
n = p0(κ) + p1(κ) y + p2(κ) y
2 + . . .
that leads to the following κ-dependent recursion relation
pn+2 =
[
κn(n− 1) + 2κ(1 + gκ)n− (ν − κgκ)
(n+ 2)(n + 1)
]
pn .
Note that this relation shows that, as in the particular κ = 0 case, even power coefficients are
related among themselves and the same is true for odd power coefficients. In both cases, having
in mind that
lim n→∞
∣∣∣∣pn+2yn+2pnyn
∣∣∣∣ = limn→∞
∣∣∣∣ κn(n− 1) + 2κ(1 + gκ)n− (ν − κgκ)(n+ 2)(n + 1)
∣∣∣∣ | y2| = |κ | | y2| ,
the radius of convergence R is given by R = 1/
√
|κ | . Hence, when we consider the limit κ→ 0,
we recover the radius R =∞ of the Euclidean equation.
The general solution is given by a linear combination
Y (κ) = (C Yev(y) +DYod(y)) (1− κ y2)(1/2)gκ ,
where Yev(y) is an even function and Yod(y) is an odd function with Yev(0) = 1 and Y
′
od(0) = 1.
In the Euclidean limit, if cn denotes cn = limκ→0 pn(κ, µ, ν), then the recursion relation reduces
to
cn+2 =
(− ν) cn
(n+ 2)(n + 1)
,
and the solution becomes
lim
κ→0
Y (κ) = C cos(
√
ν y) +D sin(
√
ν y) ,
that can also be written as
lim
κ→0
Y (κ) = C˜ ei kyy + D˜ e−i kyy , ky =
√
ν .
and represents Euclidean plane-waves.
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In the very particular case of an integer n such that
ν − κgκ = κn(n− 1) + 2κ(1 + gκ)n
then we have cn 6= 0, cn+2 = 0, and one of the two solutions (even or odd) becomes a polynomial
of order n. The coefficient ν be given by ν = νn with
νn = κ[n(n + 1) + gκ(2n+ 1)] (n is an integer number).
The polynomial solutions are given by
• Even index (even power polynomials): The expressions of the first solutions Pj(y), in the
particular cases of j = 0, 2, 4, are given by:
P0 = 1 ,
P2 = 1− κ(3 + 2gκ)y2 ,
P4 = 1− 2κ(5 + 2gκ)y2 + (κ
2
3
)(5 + 2gκ)(7 + 2gκ)y
4 (14)
• Odd index (odd power polynomials): The expressions of the second solutions Pj(y), for
j = 1, 3, 5, are given by:
P1 = y ,
P3 = y − (κ
3
)(5 + 2gκ)y
3 ,
P5 = y − (2κ
3
)(7 + 2gκ)y
3 + (
κ2
15
)(7 + 2gκ)(9 + 2gκ)y
5 . (15)
5 Wavefunctions and eigenvalues
Let us start pointing out that the measure dµκ can be written as follows
dµκ =
( 1√
1− κ r2
)
dx dy =
( dzx√
1− κ z2x
)
dy . (16)
Thus, the coordinates (zx, y) also factorize the κ-dependent measure.
5.1 Sturm-Liouville problem for the Z-equation
The κ-dependent differential equation
a0Z
′′ + a1 Z
′ + a2Z = 0 ,
with
a0 = 1− κ z2x , a1 = −κ z , a2 = µ ,
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is not self-adjoint since a′0 6= a1 but it can be reduced to self-adjoint form by making use of the
following integrating factor
µ(zx) = (
1
a0
) e
∫
(a1/a0) dzx =
√
1− κ z2x ,
in such a way that if we denote by q = q(zx, κ) and r = r(zx, κ) the following functions
q(zx, κ) = e
∫
(a1/a0) dy =
√
1− κ z2x ,
r(zx, κ) = (
a2
a0
) e
∫
(a1/a0) dx =
µ√
1− κ z2x
.
then we arrive to the following expression
d
dzx
[
q(zx, κ)
dZ
dz
]
+ r(zx, κ)Z = 0 . (17)
Thus, this self-adjoint equation together with appropriate conditions for the behaviour of the
solutions at the end points, constitute a Sturm-Liouville problem.
If κ is positive the range of the variable zx is limited by the restriction z
2
x < 1/κ. In this case
the problem, defined in the bounded interval [− aκ, aκ] with aκ = 1/
√
κ, is singular because the
function q(zx, κ) vanishes in the two end points zx1 = − aκ and zx2 = aκ. So the first condition
to be imposed is that the solutions Z(zx, κ) of the problem must be bounded functions at the
two end points of the interval so that the norm be finite. Then we note that this situation
is rather similar to the case of a particle in a one-dimensional square well with perfectly rigid
impenetrable walls at the points zx1 = − aκ and zx2 = aκ. Hence, taking into account that
u(z1x) = −gκ pi2 and u(z2x) = gκ pi2 , the application of the boundary conditions at zx1,2 = ± aκ,
gives
A˜ cos
(
gκ
pi
2
)
+ B˜ sin
(
gκ
pi
2
)
= 0 , A˜ cos
(
gκ
pi
2
)
− B˜ sin
(
gκ
pi
2
)
= 0 ,
from which we obtain two possibilities
B˜ = 0 and cos(gκ
pi
2
) = 0 ,
A˜ = 0 and sin(gκ
pi
2
) = 0 .
There are therefore two possible classes of solutions
(a) The coefficient gκ and quantum number µ are given by
gκ = gκa = 2m+ 1 , µ = µa = κ (2m+ 1)
2
(b) The coefficient gκ and quantum number µ are given by
gκ = gκb = 2m, µ = µb = κ (2m)
2
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In the case (a) the wave functions are given by
Zma(zx) = A˜ cos
(
(2m+ 1) arcsin(
√
κ zx)
)
.
In the case (b) we obtain
Zmb(zx) = B˜ sin
(
(2m) arcsin(
√
κ zx)
)
.
Proposition 1 The eigenfunctions Zma(zx) and Zmb(zx) of the problem (17) are orthogonal in
the interval [− aκ, aκ] with respect to the function r = µ/(1− κ z2x).
Proof: This statement is just a consequence of the properties of the Sturm-Liouville problems.
5.2 Sturm-Liouville problem for the Y -equation
The κ-dependent differential equation
a0p
′′ + a1 p
′ + a2p = 0 ,
with
a0 = 1− κ y2 , a1 = −2κ (1 + gκ)y , a2 = ν − κgκ ,
is not self-adjoint since a′0 6= a1 but it can be reduced to self-adjoint form by making use of an
appropriate integrating factor in such a way that we arrive to
d
dy
[
q(y, κ)
dp
dy
]
+ r(y, κ) p = 0 . (18)
with q = q(y, κ) and r = r(y, κ) given by
q(y, κ) = (1− κ y2)1+gκ , r(y, κ) = (ν − κgκ)(1 − κ y2)gκ ,
Thus, this self-adjoint equation together with appropriate conditions for the behaviour of the
solutions at the end points, constitute a Sturm-Liouville problem.
If κ is positive the range of the variable y is limited by the restriction y2 < 1/κ. In this case
the problem, defined in the bounded interval [− aκ, aκ] with aκ = 1/
√
κ, is singular because the
function q(y, κ) vanishes in the two end points y1 = − aκ and y2 = aκ.
From a purely mathematical viewpoint the eigenfunctions must be finite when y → ±1/√κ
(a continuous function in a closed interval is always bounded and integrable). In addition, from
a quantum viewpoint, the wave functions Y (y) must vanish when y → ±1/√κ. But this second
stronger condition is satisfied because of the factor (1− κ y2)(1/2)gκ in the expression of Y (y).
The eigenvalues are the quantized values of the parameter ν, that is,
νna = κ[n(n+ 1) + gκa(2n+ 1)] , gκa = 2m+ 1 , n = 0, 1, 2, . . .
νnb = κ[n(n+ 1) + gκb(2n + 1)] , gκb = 2m, n = 0, 1, 2, . . .
and the eigenfunctions the associated polynomial solutions.
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Proposition 2 The eigenfunctions of the problem (18) are orthogonal in the interval [− aκ, aκ]
with respect to the function r = (1− κ y2)gκ .
Proof: This statement is just a consequence of the properties of the Sturm-Liouville problems.
Because of this the polynomial solutions Pmn, n = 0, 1, 2, . . . of the equation (18) satisfy∫ aκ
− aκ
Pmn1(y, κ)Pmn2(y, κ)(1 − κ y2)m dy = 0 , n1 6= n2 , κ > 0 .
The first even Pmj(y), j = 0, 2, 4, and odd Pmj(y), j = 1, 3, 5, polynomials of this orthogonal
family are
1. Even index (even power polynomials)
Pm0 = 1 ,
Pm2 = 1− κ(3 + 2m)y2 ,
Pm4 = 1− 2κ(5 + 2m)y2 + (κ
2
3
)(5 + 2m)(7 + 2m)y4
2. Odd index (odd power polynomials)
Pm1 = y ,
Pm3 = y − (κ
3
)(5 + 2m)y3 ,
Pm5 = y − (2κ
3
)(7 + 2m)y3 + (
κ2
15
)(7 + 2m)(9 + 2m)y5 .
If we define the κ-dependent functions Ymn by
Ymn(y, κ) = Pmn(y, κ)(1 − κ y2)m/2 , n = 0, 1, 2, . . .
then the above statement admits the following alternative form: The κ-dependent functions
Ymn(y, κ) = Yn(y, κ,m), n = 0, 1, 2, . . . are orthogonal with respect to the weight function
r˜ = 1: ∫ aκ
− aκ
Ymn1(y, κ)Ymn2(y, κ) dy = 0 , n1 6= n2 , κ > 0 ,
(the same m in the two factors). Note that the orthogonality of the functions Ymn(y, κ) coin-
cides with the orthogonality with respect to the y-dependent second factor of the measure dµκ
discussed in the first paragraph of Sec. 5.
5.3 Final solution
The wave functions of the κ-dependent free particle in the sphere S2κ, when written as functions
of (zx, y), zx = x/
√
1− κ y2, corresponding to the first form Ψ(e1, e2j), are given (up to a
multiplicative constant) by
Ψmnr(zx, y) = Zmr(zx)Ymn(y, κ) , r = a, b, m, n = 0, 1, 2, . . .
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with
Zma(zx) = cos
(
(2m+ 1) arcsin(
√
κ zx)
)
, m = 0, 1, 2, . . .
Zmb(zx) = sin
(
(2m) arcsin(
√
κ zx)
)
, m = 0, 1, 2, . . .
and
Ymn(y, κ) = Pmn(y, κ)(1 − κ y2)m/2 , m, n = 0, 1, 2, . . .
with energies given by
em,n,a = µma + νmna = κ (2m + 1)
2 + κ[n(n+ 1) + (2m+ 1)(2n + 1)]
= κ(2m + n+ 1)(2m + n+ 2) = κ(N + 1)(N + 2)
em,n,b = µmb + νmnb = κ (2m)
2 + κ[n(n + 1) + (2m)(2n + 1)]
= κ(2m + n)(2m+ n+ 1) = κN(N + 1)
So the total energy
Em,n,r =
(
~
2
2m
)
em,n,r , r = a, b, m, n = 0, 1, 2, . . .
is proportional to the curvature κ and depends only of total quantum number N given by
N = 2m+ n.
To sum up, the quantum free particle on the sphere S2κ is endowed with an infinite sequence
of discrete energy values that can be considered as a consequence of the compact nature of
the space. The energy levels are not equally spaced and the gap ∆E, between two consecutives
levels, is proportional to N . We recall that an energy eigenvalue E is said to be degenerate when
two or more independent eigenfunctions correspond to it. We have obtained that the values of
Em,n depend only on N so they are degenerate with respect m and n. Next we present the
wavefunctions corresponding to the three lowest values of the energy:
(i) The fundamental level, with energy given by e = 2κ, is non-degenerate and represented
by only one wavefunction
Ψ00a(zx, y) = Z0a(zx)Y00(y, κ) = cos(arcsin(
√
κ zx)) .
(ii) The second level, with energy given by e = 6κ, is represented by the following two
wavefunctions
Ψ01a(zx, y) = Z0a(zx)Y01(y, κ) = cos(arcsin(
√
κ zx)) y .
Ψ10b(zx, y) = Z1b(zx)Y10(y, κ) = sin(2 arcsin(
√
κ zx)) (1− κ y2)1/2 .
(iii) The third level, with energy given by e = 12κ, is represented by the following three
wavefunctions
Ψ02a(zx, y) = Z0a(zx)Y02(y, κ) = cos(arcsin(
√
κ zx)) (1− 3κ y2) .
Ψ10a(zx, y) = Z1a(zx)Y10(y, κ) = cos(3 arcsin(
√
κ zx)) (1− κ y2)1/2 .
Ψ11b(zx, y) = Z1b(zx)Y11(y, κ) = sin(2 arcsin(
√
κ zx)) y (1− κ y2)1/2 .
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When we consider the Euclidean limit then, as κ → 0, all these normalizable wave functions
Ψm,n disappear and the associated energies Em,n vanish. This means that the Euclidean wave
planes characterized by a continuous spectrum cannot be obtained as the limit of the discrete
normalizable κ > 0 spectrum. This situation can be considered as a consequence of the boundary
conditions; that is, the κ→ 0 limit of the general solutions of the κ-dependent equations (without
introducing boundary conditions in the points − aκ and aκ) are the Euclidean wave planes but
once the boundary conditions are introduced in the points − aκ and aκ then the result is a
discrete κ > 0 spectrum that cannot related with the κ = 0 description.
Finally, we mention that another approach for the free motion in the sphere S3, in terms of
spectrum generating algebras, has been recently developped in [74].
6 Hyperbolic κ < 0 case
6.1 Resolution of the Z-equation
If we assume a negative value for the curvature then we have κ = −|κ| < 0 and the equation for
Z becomes
(1 + |κ| z2x)Z ′′ + (|κ| zx)Z ′ + µZ = 0 . (19)
Then assuming for Z an expression of the form
Z = eiu(zx) ,
with u(zx) a function to be determined, we obtain that the general solution of (19) is given by
Z = Aei u(zx) +B e−iu(zx) , u =
√
µ√|κ| arcsinh(
√
|κ| zx) , κ = −|κ| < 0 , (20)
that is a well defined function for all the values of zx (we recall that in this case there are not
restrictions for the domain of zx). This solution satisfies the appropriate Euclidean limit
lim
κ→0
Z = Aei kxx +B e−i kxx , kx =
√
µ ,
and therefore it can be considered as representing a κ-dependent hyperbolic deformation of the
Euclidean plane-wave solution.
6.2 Resolution of the Y -equation
The equation for the function Y takes now the form
(1 + |κ| y2)Y ′′ + (2|κ| y)Y ′ + µ|κ|
( y2
1 + |κ| y2
)
Y + ν Y = 0 , κ = −|κ| < 0 . (21)
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In order to obtain an hypergeometric equation, similar to the spherical Eq. (13), we can consider
the following factorization
Y (y) = p(y) (1 + |κ| y2)(1/2)g ,
but now we arrive to the condition g2|κ|+ µ = 0 which leads to
g = i gκ , gκ =
√
µ
|κ| .
The consequence is that the new equation must be complex. In fact if we assume the complex
factorization
Y (y) = P(y) (1 + |κ| y2)(i /2)gκ , P = p1(y) + i p2(y) ,
then we obtain
(1 + |κ| y2)Pyy + 2|κ|(1 + i gκ)yPy + (ν + i |κ|gκ)P = 0 , (22)
that represents a complex hypergeometric equation. Alternatively it can be written as a system
of two coupled real equations.
(1 + |κ| y2)p′′1yy + 2|κ|y p′1y + νp1 = |κ|gκ(2yp′2y + p2)
(1 + |κ| y2)p′′2yy + 2|κ|y p′2y + νp2 = − |κ|gκ(2yp′1y + p1)
So in this case there are two possibilities: (i) to solve directly the Eq. (21) (power series
solution) or (ii) to solve the complex hypergeometric equation (22) (both equations satisfy
correctly the Euclidean limit). In any case it can be proved the nonexistence of polynomial
solutions for real values of the quantum number ν. This means that the eigenvalues ν can take
any positive value and the spectrum for the energy is continuous as in the Euclidean case.
We note that in this hypergeometric case the two variables, zx and y, are defined in the whole
real line and both functions, Z(zx) and Y (y), turn out to be nonnormalizable functions. So, in
a sense, this hyperbolic case can be considered as more similar to the Euclidean one that the
spherical κ > 0 one.
Finally, let us mention the study by Balazs and Voros [55] of quantum mechanics on the
hyperbolic plane. It is concerned, for the most part, with the study of chaos in compact mani-
folds with constant negative curvature which arise as quotients of the hyperbolic plane (called
pseudosphere in [55]) by suitable discrete groups of isometries. In particular, they discuss a
pseudosphere analogous of the standard Euclidean plane waves, precisely those eigenfunctions
of the corresponding Laplace-Beltrami operator which separate in horospherical coordinates.
These can be imagined as the (suitably rescaled) limits of pseudospherical circular waves when
the sink or source point goes to infinity. The solutions of the Schrodinger equation we are
discussing here are neither circular waves nor horospherical waves, because these allow separation
of variables in a variant of parallel coordinates. As mentioned in the introduction, and remarked
also in [55] the idea of ‘plane waves in a manifold of constant curvature’ admits several possible
realizations in spaces of constant negative curvature, and while the horospherical waves are
somehow more natural than others (because there is still a source or sink at some point, albeit
at infinity), the solutions we are dealing with here are a different possibility and would have a
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family of geodesics orthogonal to given geodesic as wavefronts. In the κ→ 0 limit, these (as well
as horospherical plane waves) can be expected to collapse to Euclidean plane waves. A more
detailed study of solutions of the curved Laplace-Beltrami equations in different coordinates will
be done elsewhere.
7 κ-dependent Schro¨dinger equation II
The second alternative way of solving the quantum κ-dependent problem is to consider the
system of the two following Schro¨dinger equations
(Ĥ1 + κ Ĵ
2)Ψ = e1j Ψ , Ĥ2Ψ = e2Ψ ,
that can be solved by using the property of separability of the equation Ĥ Ψ = EΨ in coordinates
(x, zy) with zy defined as zy = y/
√
1− κx2 .
Thus, if we assume that Ψ(x, zy) is a function of the form
Ψ(x, zy) = X(x)Z(zy) ,
then we arrive to
(1− κ z2y)Z ′′ − (κ zy)Z ′ + µ′ Z = 0 ,
and
(1− κx2)X ′′ − (2κx)X ′ − µ′κ
( x2
1− κx2
)
X + ν ′X = 0 .
where the two eigenvalues µ′ and ν ′ are related with the two partial energies e2 and e1j by
µ′ =
(2m
~2
)
e2 , ν
′ =
(2m
~2
)
e1j .
These two equations can be solved by repeating the previous analysis with the appropriate
interchange of variables. We only recall that this second approach leads to a value of E given
by E = e1j + e2 and that the solution Ψ(x, zy) can also be denoted by Ψ(e1j , e2).
8 Final comments and outlook
Let us summarize our results. We have studied the quantum free particle on spherical and
hyperbolic spaces using a curvature dependent approach. In the first part of the paper, that
was mainly concerned with geometrical questions, an important point was the identification of
the three Killing vectors and the associated Noether symmetries. This was important for the
quantization procedure that was carried out in two steps:
(i) Quantization of the three Noether momenta as self-adjoint operators with respect to a
κ-dependent measure (of course, when κ = 0 we recover the standard quantization of the
linear and the angular momenta).
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(ii) Construction of the quantum Hamiltonian Ĥ(κ) as a function of the three operators P̂1,
P̂2, and Ĵ .
The second part of the paper was devoted to the resolution of the κ-dependent equations. The
separation of the Schro¨dinger equation in coordinates (zx, y) introduces the term depending of
the angular momentum Ĵ , that plays the role of an effective potential, in the the y-equation in
such a way that
(i) The motion along the zx direction is a (κ-dependent) free motion and the solution is a
κ-deformed plane wave.
(ii) The motion along the y direction leads to an hypergeometric equation.
What introduce differences between the κ > 0 and the κ < 0 cases is that in the spherical
case the space is compact and this leads to a Sturm-Liouville problem with boundary conditions
rather similar to to the case of a quantum particle in a one-dimensional square well with perfectly
rigid impenetrable walls. The result is a discrete spectrum with normalizable wave functions
Ψm,n and associated energies Em,n when κ > 0.
We finalize pointing out two questions to be studied. First, as was stated in Sec. (2) this
problem can also be solved by using κ-dependent spherical coordinates that corresponds to
the approach (Ĥ1 + Ĥ2)Ψ = e12Ψ, Ĵ
2Ψ = ej Ψ (the solutions must be κ-deformations of the
standard Euclidean spherical waves). Second, we have obtained, as a mathematical by-product
of this formalism, a κ-dependent family of orthogonal polynomials. They deserve a deeper
mathematical study.
9 Appendix. Geodesic parallel coordinates
Suppose M be a 2-dimensional Riemannian manifold, O a point on M and g1 and g2, two
orthogonal geodesics through O. Let P be an arbitrary point, in some suitable neighbourhood
of O, and denote by P1 and P2 the orthogonal projections of P on g1 and g2 (that is, P1 is the
intersection of g1 with the geodesic through P orthogonal to g1). Then we can characterize the
point P by
1. The two distances (u, yκ) defined as follows: u is the distance of O to P1 (measured along
g1) and yκ the distance of P1 to P (measured along the geodesic by P and P1).
2. The two distances (xκ, v) defined as follows: xκ is the distance of P2 to P (measured along
the geodesic by P and P2) and v the distance of O to P2 (measured along g2).
In the first case we have the parallel coordinates of P relative to (O, g1) and in the second case
relative to (O, g2) [75]. In the (u, yκ) system the curves ‘u = constant’ are geodesics and the
curves ‘yκ =constant’ meet these geodesics orthogonally. In the (xκ, v) system the geodesics are
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the curves ‘v = constant’ and ‘xκ =constant’. Notice that in the general case we have u6=xκ and
v 6=yκ.
In the case of M being a space of constant curvature κ, the (u, yκ) and (xκ, v) expressions for
the differential arc length element ds2κ are given by
ds2κ = C
2
κ(yκ) du
2 + dy2κ , and ds
2
κ = dx
2
κ +C
2
κ(xκ) dv
2 , (23)
so that in both cases we get ds2 = ds20 = dx
2+ dy2 for the particular value κ = 0 characterizing
the Euclidean case. These two systems, although different for κ 6= 0, can be related by using
formulae of spherical and hyperbolic trigonometry for κ > 0 and for κ < 0 respectively.
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